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Acoustical Wave Propagation in Sonic Composites
The goal of this paper is to discuss the technique of controlling the
mechanical properties of sonic composites. The idea is to architecture
the scatterers and material from which they are made, their number
and geometry in order to obtain special features in their response to
external waves. We refer to perfectly reflecting of acoustical waves
over a desired range of frequencies or to prohibit their propagation in
certain directions, or confining the waves within specified volumes. The
internal structure of the material has to be chosen in such a way that
to avoid the scattering of acoustical waves inside the material. This is
possible if certain band-gaps of frequencies can be generated for which
the waves are forbidden to propagate in certain directions. These bandgaps can be extended to cover all possible directions of propagation by
resulting a full band-gap. If the band-gaps are not wide enough, their
frequency ranges do not overlap. These band-gaps can overlap due to
reflections on the surface of thick scatterers, as well as due to wave
propagation inside them. growth.
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1. Introduction
By definition, a sonic composite is a periodic array of scatterers embedded in
the epoxy material. The sonic composite exhibits a large sound attenuation band
(full band-gap) obtained through superposition of multiple reflected waves within
the array according to Bragg’s theory. Bragg reflections occur at different
frequencies inverse proportional to the central distance between two scaterers.
The local band-gaps can overlap to generate the full band-gap independent of the
incident angle [1-7].
The rationale for the band-gap generation is the lack of purely real wave
vector for certain modes of waves at certain frequencies and in consequence, the
evanescent waves distributed across the boundary of the waveguide [8-11]. The
wave amplitude may decay exponentially sustaining an evanescent mode, or can

138

increase exponentially and a defect can terminate this exponential growth to
sustain also an evanescent mode [12].
Complete sound atenuation for a certain frequency range can be obtained
tyhrough controlling the "classical wave spectral gap", originally introduced for
electromagnetic waves (photonic band gap). The idea is related to a strong
periodic modulation in sound velocity in order to create spectral gaps that forbid
wabve propagation [13]. We refer to perfectly reflecting of acoustical waves over a
desired range of frequencies or to prohibit their propagation in certain directions,
or confining the waves within specified volumes.
2. Bloch's theorem
The Bloch's theorem states that the response of a sonic composite with periodical scatterers is characterized by the response of the unit cell generator (a unit
scatterer) which is used to build the composite in the repetitive way in order to
obtain periodicity. The wave propagation in the composite can be described by the
wave propagation in the unit scatterer [14].
Consider that the periodic 2D sonic structure is consisting of an array of rectangular acoustic scatterers embedded in an epoxy matrix. This structure is built as
a repetition of a unit rectangular scatterer of length a and b in the directions d1
and d 2 (Figure 1 left). Each point P in the structure has a corresponding point Q
in the unit scatterer. The structure is generated by translating a number of

n1

scatterers along d1 and a number of scatterers n2 along d 2

rP = rQ + n1d1 + n2 d 2 .

(1)

Block theorem: The response u (rP , ω) of a 2D periodic structure is expressed
in terms of the response of the unit scatterer and an exponential term which defines the amplitude and the phase change of the wave propagating from one scatterer to the next

u (rP , ω) = u0 (rQ , ω) exp k ( n1d1 + n2 d 2 ) .

(2)

where u0 (rQ , ω) is the reference response of the unit scatterer, ω is the angular
frequency and k is the wave vector.
The propagation vector µ(µ1 , µ 2 )

µ = kd ,
defines the complex phase shifts in the directions d1 and d 2 .
With (3), Eq. (2) becomes
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(3)

u (rP , ω) = u0 (rQ , ω) exp µn .

(4)

where n is a vector which indicated the number of scatterers translated in both
directions.

Figure 1. The unit scatterer of the structure (left) and the periodic structure
with many cells (right).

3. Modeling of unit scatterer
The finite element method is suitable to be used to describe the behavior of
the unit scaterrer. The steady-state harmonic response of the unit scatterer is
written in the matrix form

( K − ω2 M )q = f ,

(5)

where K is the stiffness matrix, M is the mass matrix, q the generalised displacements vector and f is the generalised forces.
Displacement vector q can be reduces in a simplified form qred , when taking
into account the boundary conditions on the unit scatterer. In this case, Eq. (5)
can be written in the simplified form, if no external forces are applied on the internal nodes of the structure

( K red − ω2 M red )qred = 0 ,
where index red refers to the reduced form of the matrices.
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(6)

The key of the band-gap generation is the lack of purely real wave vector for
certain modes of waves at certain frequencies. The wave amplitude may decay
exponentially sustaining an evanescent mode [12].
Therefore, by aassuming free wave propagation for which propagation vector
is strictly imaginary µ = iε , Eq. (6) is solved with respect to the angular frequency

ω as a function of iε .

Eq. (6) is solved for every possible combination µ1 = iε1 and µ 2 = iε 2 . The

angular frequencies form a surface in the region (ε1 , ε 2 ) , i.e. so-called the dispersion surface ω = f (ε1 , ε 2 ) . This dispersion surface is periodic and hence not the
entire dispersion surface must be analysed. Only a periodic zone in this surface,
so-called the Brillouin zone, or the first Brillouin zone, must be investigated [1317].

Figure 2. Dispersion curves for the unit scatterer
This surface is very important because it yields the solutions in frequencies for
which the waves are propagating without attenuation. The frequencies which are
not solutions of (6) are frequencies for which the waves with attenuation are possible to propagate. The last frequencies belong to band-gaps of the unit scaterrer.
We can say that first Brillouin zone is the smallest zone which contains all informa-
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tion about the wave propagation, not only in the unit scatterer but in entire periodic structure. The first Brillouin zone contains sufficient information for determining the band-gaps. We call these band-gaps within the unit scatterer the local
band-gaps.
In the 2D case, the surface ω = f (ε1 , ε 2 ) has corner points as O(0,0),

A (4 / 3π,2 / 3π) , B ( π, π) and O(0,0) [18]. Figure 2 shows the dispersion curves for

unit scatterer, in which we see a band-gap between 500Hz and 625Hz. The dispersion curves are calculated along contour of the first Brillouin zone.
4. Modeling of entire structure
Due to the periodic arrangement of scatterers, sonic structure has the
property of selective sound attenuation in specific range of frequencies. This range
of frequencies is known as the band gap, and it is found that sound propagation is
significantly reduced in this band gap region. The reason for such sound
attenuation is due to the destructive interference of waves in the band of
frequencies. It is also shown that the propagating wave has an evanescent
behavior (decaying amplitude) which causes the sound attenuation to take place in
the band gap region.

Figure 3. Dispersion curves for the structure with 16 scatterers.
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For entire structure, the steady-state harmonic response is described in a
similar way with (6)

( K − ω2 M ) q = 0 ,

(7)

where K is the stiffness matrix, M is the mass matrix, q the generalised displacements vector for entire structure.
Figure 3 shows the dispersion curves for a structure with 16 scatterers, in
which we see a band-gap between 500Hz and 1130Hz. The band-gap from Figure
3 is called the full band-gap because it is obtained by superposition of all bandgaps associated to each scatterer.
From here we draw an important conclusion: If we want to have a large full
band-gap, we must have many local band-gaps in the same frequency region. It
depends of course on the number of scatterers. If this frequency region is small,
the local band-gaps are narrow and do not overlap. As this region increases, the
local band-gaps widen and begin to overlap in the same frequency region leading
to a full band-gap independent of the polarization.
But the problem is not so simple. The large full band-gap depends not only on
the number of scatterers but on the material the scatterers are made and on their
geometry. The geometry can be diverse: spheres, hollow spheres, cylindrical
shells, rods.
5. On the compression viewed as a geometric transformation
A modeling of the compression by using the property of Helmholtz equation to
be invariant under geometric transformations is an alternative way to control the
properties of a sonic composite [19, 20]. The compression can be theoretically
controlled by the geometric transformations. As an example, new architectures for
auxetic materials [21-23] can be built up by applying the geometric
transformations.
Let us consider the geometric transformation from the coordinate system
( x′, y ′, z ′) of the compressed space to the original coordinate system ( x, y, z ) ,
given by x( x′, y ′, z ′) , y ( x′, y ′, z ′) and z ( x′, y ′, z ′) . The change of coordinates is
characterized by the transformation of the differentials through the Jacobian J xx′ of
this transformation, i.e.

 dx 
 dx ′ 
∂ ( x, y , z )
 
 ′
 dy  = J xx′  dy  , J xx′ = ∂( x′, y ′, z ′) .
 dz 
 dz ′ 
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(8)

From the geometrical point of view, the change of coordinates implies that, in
the transformed region, one can work with an associated metric tensor

T=

J xxT ′ J xx′
.
det( J xx′ )

(9)

We consider for example, the Helmholtz equation for the pressure waves
propagating in a bounded fluid region Ω ⊂ R 3

∇ ⋅ (ρ −1∇p) +

ω2
p=0,
κ

(10)

where p is the pressure, ρ is the rank-2 tensor of the fluid density, κ is the
compression modulus of the fluid, and ω is the wave frequency. The equation
(10) is invariant under geometric transformation (8).
In terms of the material parameters, one can replace the material from the
original domain (homogeneous and isotropic) by an equivalent compressed one
that is inhomogeneous (its characteristics depend on the spherical ( r ′, θ′, φ′)
coordinates) and anisotropic (described by a tensor), and whose properties, in
terms of J x′x , are given by

ρ′ = J x−′xT ⋅ ρ⋅ J x−′1x ⋅ det( J x′x ) , κ′ = κ det( J x′x ) .

(11)

Here, ρ′ is a second order tensor. This theory can be applied for theoretical
compression of the conventional foams. The scope is to transform conventional
foam which occupies a disk r ≤ R2 into auxetic material which fills the
annulus R1 ≤ r ≤ R2 . The new material is inhomogeneous and anisotropic.
A linear geometric transformation (8) which maps the disk r ≤ R2 into an
annulus R1 ≤ r ≤ R2 is given by

r ′ = R1 + r

R2 − R1
, 0 ≤ r ≤ R2 , θ′ = θ , 0 ≤ θ ≤ 2π ,
R2

x3′ = x3 ,

x3 ∈ R , (12)

where r ′ , θ′ , x3′ are radially contracted coordinates r , θ , x3 . The Cartesian
basis ( x1 , x2 , x3 ) is defined as x1 = r cos θ , x2 = r sin θ .

The original domain is a

disk of radius R2 filled with conventional non-auxetic cellular foam. The spatial
compression is obtained by applying the geometric transformation (12). The
transformed domain is an annulus of radii R1 and R2 .
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The most important physical parameter to dominate the negative Poisson’s

( R2′2 − R1′2 )
, where prime denotes
R22
the final parameters. The initial domain with R2 = 15mm. The dependence of the
properties of the auxetic foam on the Poisson’s ratio ν and the coordinates is
illustrates next. The variation of the reduced moduli on ν is displayed in Figure 4.
For a given ν it is possible to determine a set of permissible material constants.
ratio transformation is the compression ratio ϑ =

Figure 4. Variation of the Young’s modulus with respect to radial coordinate

6. Conclusion
The paper discusses the way of controlling the mechanical properties of sonic
composites. These properties are referring to the full band-gaps generation, where
the sound is not allowed to propagate due to complete reflections. The Bloch's
theorem which is used to build the composite in the repetitive way represents the
main concept for the architecture of the scatterers in order to obtain special
features in their response to external waves.
The band-gaps occur at different frequencies inverse proportional to the
central distance between two scaterers. The complete reflection on the boundaries
of scatterers is due to the full band-gap property itself, independent of the incident
angle.
The technique for transforming the conventional foams into auxetic foams is
discussed in this paper by exploiting the property of the governing equations to be
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written in a covariant form such that the metric is only involved in the material
parameters. The geometric transformations lead to material properties that are, if
not impossible to obtain, at least challenging for manufacture of new materials
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